The one-and two-phonon amplitude-weighted directional frequency functions are calculated for normal and deuterated crystalline polyethylene. These results are compared to previously measured frequency spectra for stretch-oriented normal polyethylene and to new measurements on deuterated polyethylene. In addition, the Debye-Waller factors are calculated for oriented polyethylene and compared with elasticscattering data.
I. INTRODUCTION
Previous efforts! to interpret the results of neutron scattering on oriented polyethylene have shown that under certain approximations the cross section should be proportional to a directional frequency distribution function Gt{1(e) , which in turn depends on the density and polarization vectors for the normal mode vibrations. Recently, the normal-mode frequency solutions have been reported for crystalline polyethylene. 2 • 3 The present paper reports calculations of the frequencies and polarization vectors necessary for the construction of the directional frequency functions over the complete acoustical and optical frequency range. These functions are used to calculate zero-, one-, and two-phonon terms in the usual neutron cross-section expansion and provide a direct comparison with the frequency functions and Debye-Waller factors obtained from scattering measurements. The frequency functions are compared with earlier data on stretch-oriented polyethylene and with data recently obtained for deuterated polyethylene, (CD 2 ) ... Measured Debye-Waller factors are reported and compared with calculations for normal polyethylene only.
Brief justification of the several approximations basic to the calculations is made in the following theoretical section. At the outset, however, it must be emphasized that the calculated cross sections for (CD2) .. are made using the "incoherent approximation" although this is a predominantly coherent scatterer. The close similarity between the normal and deuterated spectra gives some support for such a treatment. Of course, the approximation is strictly valid only when K is much larger than the spacing between reciprocal lattice points-a condition not well satisfied in the present experiments.
* Work supported in part by the National Science Foundation under Grant Numbers GK 1709 and GK 201.
1 G. C. Summerfield, J. Chern. Phys. 43,1079 (1965 . 2 M. Tasumi and T. Shimanouchi, J. Chern. Phys. 43, 1245 (1965 .
3 M. Tasumi and S. Krimm, J. Chern. Phys. 46,755 (1967 
-00 27rh
, where the symbol ( ) indicates the usual thermal average plus an appropriate average over molecular orientation. Z(t) is given by and
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For a comparison between theory and experiment, it is convenient to introduce a function related to the inelastic cross section:
This can be written in terms of Z(t) as
For stretched polyethylene, only the chain axis is oriented, and that is along the stretch direction. Thus for a stretched target, we need only consider two functions: One for ~ directed along the stretch direction, GL(e) , and one for 1C directed perpendicular to the stretch direction, GT(e). For an unstretched target, even the chain axes are unoriented and we obtain a function independent of the directions of Ie, G(e).
If we take the a = 1 axis along the chain axis, then we can define three functions
,,
so to a good approximation we can write the transverse cross section in terms of G~(e). Of course, the cross section for the longitudinal orientations of Ie can be written in terms of GLI (e) without any approximations. For the longitudinal cross section, the factor exp [ -Z(O) ] can be written
G~(e) =!1G22(e)+G33(e)), ( 
7) where
Gl(e) =lIGIl(e) +G22(e) +caa(e)}. For the transverse cross section, this factor is well approximated by stretch direction and randomly oriented in directions perpendicular to the chain axes. This model is in agreement with both x-ray and neutron-diffraction observations. The directional G functions are constructed from the eigenfrequency and eigenvector solutions to the dynamical matrix equation for the hydrogen motions in one such microcrystal. The Cartesian coordinate GF-matrix method described in Ref. 5 for optically active lattice vibrations may be adapted so that the matrix equation in Cartesian symmetry coordinates is
where
o m e (12) III. CALCULATIONS
The stretched targets are assumed to consist of microcrystals with chain axes nearly parallel to the 
(lS) Unit-cell dimensions appropriate to liquid-nitrogen temperatures are used,8 with a molecular setting angle of 8=48°. True, nontetrahedral coordinates are used for the molecular chains. 7 The Band B' matrix elements are calculated for the intramolecular internal coordinates 8 and intermolecular internal coordinates,2 using a computer method similar to that employed by Overend and Scherer. 9 The B' and B / • matrices in Cartesian symmetry coordinates are then obtained by simply altering the signs of elements in the a and b Cartesian coordinate columns as required.
The symmetry transformation is then performed on the internal-coordinate intramolecular-foree-constant Figs. 1 and 2 for normal polyethylene at liquid-nitrogen temperature. The frequency spectra from E=O to 0.006 eV are given a quadratic frequency dependence, in accord with specificheat requirements 12 and in order to guarantee a finite Debye-Waller coefficient and nonzero cross section. The only change made in solving the dynamical matrix for (CD 2 )" was to replace the hydrogen mass with the deuterium mass. The functions Gr(E) and GLI(E) are displayed in Figs. 3 and 4 for deuterated polyethylene.
The functions GL(E), GT(E) , and G(E) are computed from Eq. (5) using one-and two-phonon contributions [#(t) = 1+Z(t) +!Z2(t)]. The results are shown in Figs. 5-9. However, note that the measurements of G(E) are compared to calculated values of !GL(E)+
fGT(E) in Figs. 5 and 8.
IV. EXPERTIMENTAL DATA
The inelastic-scattering measurements on lowtemperature oriented polyethylene have been published previousl)"'; the major features are in agreement with the room-temperature results of Trevino. 13 The present work includes: (a) a re-examination of the elasticscattering part of the data, extended to include an angular range from 55° to 90°, and (b) inelastic scattering from fully deuterated polyethylene, (CD2)". The University of Michigan triple-axis crystal spectrometer was used for these measurements.
The variation in elastic-scattering cross sections with momentum transfer for both the longitudinal and transverse normal polyethylene was measured in order to determine the Debye--Waller coefficients aL = 2W d K2 and aT=2W T /K 2 • An analyzer energy of 0.0548 eV was selected to avoid significant second-order contamination. The target was oriented within the liquid-nitrogen cryostat with the c axis either para.lle~ or perpendicu~ar to the direction of 11:. Small deVIatlOns from preClse orientation were shown to affect the scattered (incoherent) intensity by less than 1 %.
The elastic cross section is taken to be proportional to the area under the elastic peak after subtraction of background and an inelastic component, estimated by a smooth curve extension of the inelastic wings. A correction for target thickness and beamwidth variation was also applied. The corrections introduce an un-J3 S. F. Trevino, J. Chern. Phys. 45,757 (1966) . certainty in the inferred coefficients of about 10%. A plot of the logarithm of the intensity versus K2 for each orientation is shown in Fig. 10 . The scatter in the data points is clearly greater than expected from counting statistics and is attributed to the varying importance of the small coherent cross section in polyethylene. The anomalously high points in the longitudinal data, at K2=29.04 and 27.19 do, in fact, correlate roughly with two structure-factor peak positions for the crystal unit cell. Further, the high density of unresolved points in reciprocal space at the larger angles makes this region suspect. As a result, the straight lines shown in Fig. 10 are based on two criteria: (a) points believed to be most seriously affected by coherent scattering are given low weight, and (b) the intercepts for both orientations should be equal at K 2 =0 since the two incoherent cross sections approach the same value there.
Deuterated targets were prepared from 25 g of granules (Volk Chemical Corporation, 98% deuterated) by pressing at approximately 160 0 K for 5-10 min at 1000 pounds per square inch. A polycrystalline target 3 in. diamXO.l44 in. thick (calculated 0.05-eV transmission, 90%) was used for the unoriented meas,:rements. Oriented targets were prepared by stretching 500% under infrared heat (T~ 100°C). Greater stretching resulted in rupture under tension. An orie~ted target 3 in.X5 in. X 0.086 in. was used. Such stretchmg, unfortunately, produces a rather wide distribution of crystallite c-axis orientations; neutron diffraction from the (oo2) reflection showed a FWHM of 8°, X-ray patterns for both the normal and deuterated stretched samples look similar and qualitatively confirm the neutron width.
All measurements were made with a fixed scattering angle of 89° and a target temperature of 78°K. The polycrystalline data comprise an average of two separate measurements at final energies of 0.028 and 0.031 eV' the transverse data were all taken with EJ=0.028 eV: The energy resolution of the spectrometer at 0.02-eV energy transfer is 0.0013 eV (6.5%).
The measured frequency functions, obtained from the incoherent approximation, are shown in Fig. 8 for the unoriented case and in Fig. 9 for the transverse- oriented case. Figure 11 compares the unoriented frequency functions for normal and deuterated polyethylene.
Thus far, no single-phonon events have been observed for the deuterated target, although scans have been made with Ie along the c axis. This is believed due partly to "smearing" from the wide mosaic and partly to the interference from elastic scattering which "leaks" into the detector due to incoherent scattering in the analyzer crystals.
V. DISCUSSION
The comparison of measured and calculated frequency functions, Figs. 5-9, can be said to show qualitative agreement only. As yet the spectrometer resolution has not been removed from the data nor folded into the calculated curves (the latter already have substantia~ width from the computer code mesh); this resolutIon effect clearly dampens the calculated structure, particularly at the (II.) limit near 0.065 eV. However, the differences between experiment and theory are too large to be attributed solely to resolution. Despite the damping, however, several main features show reasonable agreement in all the normal polyethylene comparisons. From the data we note: (a) the peak near 0.024 eV, (b) the shoulder at about 0.017 eV, (c) the broad maximum near 0.040 eV, and (d) the very broad peak near 0.065 eV in Fig. 6 . These events correlate well with known features in the calcul~tions. Relative to the above data these are, respectiVely: (a) the ( no attempt has been made to adjust the internalcoordinate intramolecular force constants 10 to effect a better match with the experimental choice of 0.065 eV. In addition to these events, the results give some evidence to confirm the calculated discontinuities near 0.013 eV, associated with lI. b (7r), and near 0.009 eV, associated with v.
B (7r). However, the data are badly resolved and firm comparisons cannot yet be made.
A similar comparison (Fig. 8) for the deuterated targets can be made. The structure has somewhat greater clarity and provides strong confirmation for the appearance of the (lIg) limit, and the intercepts for lI. b (O or 7r), and v. a (7r). The two-phonon maximum again appears and again is somewhat below calculation. The downward shift in all frequencies relative to normal polyethylene is best seen in Fig. 11 . The frequency ratios, particularly, should be accurate. These show values of 0.84±0.02 for the IIg cutoff, and 0.76±0.04 for the III intercepts. These ratios are in excellent agreement with those calculated by Tasumi and Krimm 3 for (lIg) and lI.b(O). They, therefore, represent to some degree a low-frequency experimental confirmation of the Tasumi-Krimm model.
A comparison of the Debye-Waller coefficients and ~ebye-Waller ratios at approximately 93°K is given ill Table I for normal polyethylene. In view of the coherent interference noted above, the agreement is within experimental limits of accuracy. It should be noted that at 93°K, major portions of the coefficients are contributed by branches with frequencies above 600 cm-I; 60% of the value for 2W Land 40% of that for 2W T comes from this high-frequency region.
In conclusion, it may be said that the agreement between the calculation and experiment (Figs. 5-9 ) is as good as should be expected at this stage of refinement. Better resolution in the experimental data is clearly needed. At the same time the theoretical analysis is based on an idealized model for polyethylene, i.e., a perf;ct, harmonic crystal. The forces, particularly the . torslOnal forces, are not harmonic and the carbon chains exhibit folding. Some work has been done on the latter effect,14 but little has been done on anharmonicities and these should be particularly significant for the torsional modes below 0.025 eV. Finally, the restriction that the phonon-wave vector lies along the chain axis must be evaluated; removal of this restriction should tend to lower the cutoff frequencies for 119 and II •.
